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Analysis of Two-Dimensional Steady-State
Heat Transfer in a Rectangular Region

C. L. Ko*
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C. W. Bertf
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The objective of this investigation is to apply a new version of the Rayleigh-Ritz method, called the Rayleigh-
Schmidt method (RSM), to a two-dimensional heat conduction problem involving a rectangular region with con-
vective boundary conditions on three sides and with or without internal heat generation. Numerical results ob-
tained by using this new technique are compared with those obtained by the conventional Rayleigh-Ritz method
(RRM), the finite-difference technique (FDM), the method of Fourier transform (MFT), and the heat balance
integral method (HBIM). For the case of a rectangular region in the absence of internal heat generation, the
results are also compared with those obtained from an exact solution presented for the first time in this paper.
These comparisons indicate that the RSM gives reasonably accurate results in all cases, but that the HBIM is not

very accurate when there is internal heat generation.

Nomenclature
a,a, =kT/L%k, T;/b?
BB, =hlL/k,, h,L/k,
b = half width of region; see Fig. 1
¢.C, =aB,, a,B,

F = function defined in Eq. (D7)
g =internal heat generation rate per unit volume
h.h, =convective heat transfer coefficients on surfaces

X=Land Y= +£b
1 = functional defined in Eq. (23)
ky,k, =thermal conductivities in the X and Y directions

L =length of region; see Fig. 1

Q =heat transfer rate

T,T, =temperature in general and at the base

T =bulk temperature of the fluid surrounding the
region

T, =temperature at the corner of base (x=0, y=1)

XY =rectangular coordinates; see Fig. 1

X,y =X/L, Y/b

o = parameters defined in Eqgs. (C4)

¥ =B,/2

] =(T-Tp) /T,

8y,0, =@ values along edge (y=1) and at corner of base
(x=0,y=1)

6, =6 value at tip (x=1, y=1) :

Uns¥, =mth and nth roots of Egs. (D8) and (D9)

1) =0—6,

Introduction

HE exact solution of the two-dimensional steady-state
conduction problem of a rectangular region with convec-
tive boundary conditions in both directions has never been
reported in the literature. Sfeir! applied the heat balance in-
tegral method (HBIM) to this problem and obtained satisfac-
tory agreement with a finite-difference solution. The HBIM
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was first introduced by Goodman,? and the concept was taken
from the technique of solving the integral boundary-layer
equations given by Pohlhausen and von Karman.? To apply
this techngiue, one is first required to assume a trial function
of one position variable. Then, one must solve the relations of
variables at boundaries that are derived by integrating the
governing equation with respect to the same position variable.
The trial function is normally assumed to be polynomial,
which does not necessarily satisfy the governing equation.
Therefore, the solution obtained may be far from exact.
Hence, one of the objectives of this investigation is to develop
an exact solution for the governing equation of two-
dimensional heat conduction with convective boundary condi-
tions. Comparing its results with approximate solutions ob-
tained by various methods for the same subject problem, one
can then attain reasonable feeling regarding the accuracy of
different approximate techniques.

For the case of a two-dimensional rectangular region with
internal heat generation, the governing equation becomes
nonhomogeneous and to obtain its exact solution becomes
practically infeasible. Thus, approximate techniques become
the only means of analysis. One of the well-known approx-
imate techniques is the Rayleigh-Ritz method.* To apply this
technique, the trial function is generally assumed to be a
polynomial with integer power. However, it is not necessary
to use integer powers, as was shown by Rayleigh® and Tem-
ple and Bickley.5 The trial function can contain a power-law
term with an undetermined exponent. Schmidt’ and, more
recently, many others applied this version of the Rayleigh-
Ritz method to various structures problems. See Ref. 8 for
an extensive survey. Recently, Bert® also applied this tech-
nique, called the Rayleigh-Schmidt method (RSM), to a
one-dimensional and a simple two-dimensional problem of
steady heat conduction. Laura et al.!® also used the RSM to
calculate the temperature distributions of a two-dimensional
region with internal heat generation and homogeneous
Dirichlet boundary conditions. To this date, it has not been
applied successfully to a more general two-dimensional case
with both internal heat generation and convective boundary
conditions. Therefore, an objective of this investigation is to
evaluate the applicability of the RSM to this problem by
comparing its results with various existing approximate
methods.
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Formulation and Exact Solution
for a Rectangular Region
The governing equation of the steady-state temperature
distribution in a two-dimensional rectangular region shown
in Fig. 1 can be normalized and expressed as follows:

a ( a6 J < a6 )
— —— ——— =0 1
ax \** Tox + dy - dy M

Since the temperature distribution is symmetric about the
X axis, one can determine the boundary conditions as

6 ,m0=0,(») )
g_i Bl )
_gi_ =0 %)
_‘;i_ =B ®)

The base temperature T, is a function of y in general.

Using the method of separation of variables and taking a,
and @, as constants, one can obtain the solution of Eq. (1)
that satisfies conditions (3), (4), and (5) for the case of cons-
tant @, and a, as

0=Y A, oS,y (erom + B, e~Pomv) ©
m=1
where
\ (pay, + By)
p=(a,/a)”,  By=——r—— Pm
v " (pam—B,)
and «,, is the mth zero of the equation
o tana =B, @)

It is obvious that the negated value of a root of Eq. (7) is
itself also a root of the same equation. Therefore, by restric-
ting values of «,, to be positive, one can rewrite Eq. (6) as

8=, [Am(e""‘m"+6me‘!’”‘m")
m=1 ’

1
+Ay; (e“""‘m" + E— e"“mx> ] cosa,,y 8)

m
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Fig. 1 A two-dimensional region with convective heat transfer at
three edges.
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where A4 is the coefficient corresponding to the negative
root —a,. The coefficient A4, should not be discarded
because the corresponding eigenfunction of x is different
from those associated with A4,,. Since the eigenvalues «,, and
~a, yield the same eigenfunction of y, cosa,y, it is
reasonable to assume that the coefficient A4} is identical to
A,,. Hence, substituting Eq. (8) into Eq. (2), one obtains

> 1
Y a, <2+ B, +B—) cosa,y =0, () ®
m=1

m

Consider a specific positive root of Eq. (7), «,, and
multiply both sides of Eq. (9) by cosa,y to integrate the
equation with respect to y from y=0 to y=1.

Then,

E A, (2+6m +—B——) So cosa,,y cosa,,y dy
m=1 m

!
= SO 6, () cosa,ydy (10)

By combining the relations from Eq. (7) for «,, and «,, it
can be shown that cosa,,y and cosc,y are orthogonal if the
absolute values of these two roots are not the same. Hence,

1
SO cosa,,y cosa,y dy=0 for let,,, | 5 e, | an

Then, the coefficient 4,, can be determined as

1
m

A, =2By/[<2+6,,, +73—> (B, +sin2am)]

1
x| 6,0 cosar,y ay (12)

The nondimensional temperature distribution at the base 6,
should be specified as one of the boundary conditions.
However, this specified distribution should also satisfy Eqgs.
(4) and (5) to be consistent with the condition at the corners.
If a second-order polynomial is assumed for this distribu-
tion, it can be shown that

0, = (1+v =", (13)
where 0,=(T,—T,;)/T;, y=B,/2, and T, is the edge

temperature (¥ =1) at the base (x=0). Substituting Eq. (13)
into Eq. (12) yields

A 2B20, sino,,
"k (24 B, + BB, +sina,,)

(14)

The total heat transfer rate ( can then be determined from
either one of the following two relations:

; 2b ¢ 36
e as)
Tik, L Jo dx ly—g
* 1 1 56
Q Z_QS a0 y_Zkag 3 A (16)
Tk, L Jo dx 1, bk, Jo 3y |,

Substituting Eq. (8) into Egs. (15) or (16), one obtains

Q = 3 —22 —B-Y si 17
Tka‘E, T Anb (B —B,") sines, a7
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The fact that both Eqgs. (15) and (16) reduce to the same rela-
tion proves the validity of the solution given in Eq. (8). If
the base temperature distribution in Eq. (13) is assumed, the
nondimensional heat transfer rate becomes

o i 4bpB3 (8, —B")
k T6, Lad, (B, +sin?a,,) (248, +B4")

m=1

(18)

and the nondimensional fin tip temperature 6, at x=1 and

y=1 can be shown as

0 (=

L=)] {4pBy sinzam[
05 m=1

erom

)
(o —B,) | (pay+By)

+[ay, (B, +sin’a,,) (2+8,, + 8] (19

Formulation Using the Variational Principle
for the Problem with Internal Heat Generation

The governing equation of heat conduction becomes
nonhomogeneous if the internal heat generation is con-
sidered. Application of the variational principle is a practical
means of obtaining an approximate solution of this problem,
since it is a very difficult task to obtain the exact solution
that satisfies the same convective boundary conditions. Con-

TWO-DIMENSIONAL STEADY-STATE TRANSFER 211

Utilizing the boundary conditions in Egs. (2-5), one can
manipulate Eq. (21) into the following form:

oI=0 22

where

1 rtp! a0 \2 a0 \2
1= L e () e () Jer
2 Jo o [\ T ay dy
1

1 1 1
=3, SO g(x,y)dedy+7S0 C.(0%),_,dy

1 1
+—2—SO C,(6%),_,dx 3)

Equation (22) implies that an admissible function that
satisfies the boundary condition in Egs. (2-5) can be an ap-
proximate solution of Eq. (20) if it produces a stationary
value of the functional 7.

The nondimensional total heat transfer rate can be
evaluated by either one of the following relations:

sidering the heat balance condition in a two-dimensional Q - _ 2’_ 51_60_ y__2£k_y51_60_ dx (24)
steady-state rectangular region with a rate of internal heat Tk, L Jo ax |-, bk, Jo dy |,
generation per unit volume g(x,y), one can express the : 1l )
. . ¢ Q 2b g a0
governing equation as follows: —_— = S S — dxdy—S —_ dy (25)
Tk, L \JolJoa, 0 90X leoo

a a0 i a0
E(ax “ox ) +5<ay e ) +g(xy)=0 (20)
The coordinates x and y are normalized with respect to the
length and width of the region, respectively. Assume that the
temperature distribution and the heat sources function are
symmetric about the X axis, as in the case without heat
generation (Fig. 1). The boundary conditions expressed in
Eqgs. (2-5) can then be applied to this case.
Using the weighted-residual version of the variational prin-
ciple, one can convert Eq. (20) into the following form:

In general, the total heat transfer rate calculated from these
two equations will not be consistent if the trial function for
the temperature distribution does not satisfy the governing
equation, Eq. (20). Under this circumstance, the solution
does not correspond completely to a physical phenomenon
even though it should converge to the exact solution
mathematically. To overcome this shortcoming, the follow-
ing relation can be imposed as an additional boundary condi-
tion to determine the trial function:

lgl[a( 30) 6( 30) 1 39 1 a1 Y

[T e (a2 + 2 (g, RN [P o O AN N

0Jo Lax ox ay ay 0 ax lioo 0 doa, y e y
+g(x,y)]60dx dy=0 1 . a, Sl a0 26)

where 86 is the variation of the dependent variable 6. ay 20 0y

Table 1 Comparisons of the nondimensional total heat transfer rates (Q/kx TfOS) for the case without internal heat generation
(hy/hy=1, k. /k,=1) (Results in 4 and B are calculated from Egs. (25) and (24), respectively)
ES RRMI1 RRM2 RRM/HB RSM RSM/HB FDM HBIM MFT

By B, L/b A&B A B A B A&B A B A&B B A&B A B
0.001 0.1 0.0221 0.0221 0.0221 0.0221 0.0221 0.0221 0.0221  0.0221 0.0221 0.0362 0.0221 0.0220 0.00198
0.005 0.5 0.0299 0.0299 0.0299 0.0299 0.0299 0.0299 0.0299  0.0299 0.0299 0.0483  0.0299 0.0299 0.00984

0.01 0.01 1 0.0396 0.0396 0.0396 0.0396 0.0396 0.0396 0.0396 0.0396 0.03%6 0.0396 0.0396 0.039%6 0.01954
0.02 2 0.0584 0.0582 0.0584 0.0584 0.0584 0.0854 0.0585 0.0584 0.0584 0.0387 0.0584 0.0583 0.03833
0.1 10 0.1603 0.1498 0.1602 0.1586 0.1603 0.1576 0.1645  0.1603 0.1605 0.0962 0.1603 0.1601 0.1402
0.01 0.1 0.2244  0.2244 0.2244 0.2244 0.2244 0.2244 0.2244 0.2244 0.2244 0.3682 0.2244 0.2241 0.0178
0.05 0.5 02914 0.2907 0.2914 0.2914 0.2914 0.2914 0.2917 0.2914 0.2914 0.4550 0.2914 0.2910 0.0847

0.1 0.10 1 0.3651 0.3617 0.3650 0.3649 0.3651 0.3648 0.3664  0.3651 0.3651 0.3651 0.3651 0.3646 0.1584
0.20 2 0.4771 0.4622 0.4768 0.4757 0.4772 0.4745 0.4835 0.4771 0.4773 0.3481 0.4772  0.4766 0.2705
1 10 0.6415 0.4193 0.6485 0.5792 0.6473 0.4823 1.0727  0.6361 0.6672 0.6211  0.6416  0.6400 0.4350
0.1 0.1 2.606 2.602 2.606 2.604 2.606 2.606 2.605 2.606 2.606 4.215 2.606 2.603 —0.0603
0.5 0.5 2.450 2.400 2.452 2.444 2.455 2.442 2.470 2.454 2.455 3.207 2.453 2.446 —0.215

1 1 1 2.362 2.214 2.356 2.347 2.374 2.311 2.453 2.370 2.372 2.366 2.369 2.357 —-0.302
2 2 2.311 1.921 2.266 2.246 2.337 2.087 2.684 2.307 2.331 2.154 2.320 2.304 -0.351
10 10 2.230 0.798 2.585 1.397 2.822 0.922 —2.207 2.060 2.667 3.049 2.309 2.280 —0.345
1 0.1 4449 44.27 44,52 44,37 44.53 44.46 44.44 44.53 44,53 59.76 44,50 44,37 —42.11
5 0.5 18.09 17.06 18.09 17.82 18.43 17.65 18.63 18.29 18.30 19.19 18.23 17.97 —68.23

10 10 1 13.82 11.88 13.65 13.38 14.58 12,70 15.48 14.14 14.18 13.93 14.13 13.70 —-72.14
20 2 12.78 9.07 12.29 11.64 14.25 10.01 18.39 13.08 13.39 13.29 13.21 12.64 —72.48
100 10 12.24 2.91 19.15 5.41 21.84 3.34 —4.09 11.58 17.51 23.88 13.17 12.45 —66.96
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The Rayleigh-Schmidt Method

The conventional Rayleigh-Ritz method in which an ad-
missible function is assumed in polynomial form can be
utilized to optimize the functional in Eq. (23). Solutions ob-
tained by this method for the case of constant rate of heat
generation are listed in Appendix A. Appendix B gives the
solution of the same case with the heat balance constraint of
Eq. (26) being imposed as an additional boundary condition.

The polynomial form of trial functions used in the
Rayleigh-Ritz method can be replaced by a power law as
follows to improve its accuracy:

0/6,=0,(¥)(1+Cx+Cyx™) 27

where m is an undetermined constant. The function satisfies
all boundary conditions except that of Eq. (3). Imposing this
condition, one can express the undetermined coefficient C,
in terms of C, and m. Then, the functional I can be deter-
mined in terms of these two parameters by substituting the
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ary condition to be satisfied by the trial function in Eq. (27).
Then, one can eliminate the coefficient C, and obtain the
transcendental relation of the undetermined exponent m as
next shown by minimizing the functional I with respect to m
in the form of the first of Egs. (28). Thus,

da,y? ){ (1 c, G ) < C,
—t—+ +bg| ——
< 3 TG ) s 2 "3 Y2 ‘\2m+1

PR N )—C[ & __,_ G
m+2  m+1 2Lem+1)? T (m+2)2
+—(m—+—1)—2]}+b5b7[(C1+C2)(dx+Cx)+Cx]

m?C
+bgb, [ax <—2F21‘+ cl> +C,(1+C + cz)]

abm(m—1)C} g

admissible function into Eq. (23). Two transcendental ~ ——— (3+B,)
simultaneous equations in C, and m can be obtained by (2m—1) 36,
minimizing the functional I with respect to C, and with b b c
respect to m as follows: X [_5+__">_____"-__] =0 31
2 m+l  (m+1)?
al/om=0
where
01/0C, =0 (28)
C,=b;/b,
Newton’s method can be used to solve the two unknowns,
and the nondimensional heat transfer rate can be determined g
from either Eq. (24) or (25) as follows: b.=~D> [1 — ] - _
WL T B ey,
0 2Lvk, { 1 m—1 m yp*(m—1)
= - - Cm=-1)|—— b,= 2(————)+——— 3+B ) +——
k, T, bk, (B,+1) (m+1) s=hp m+1 3 ( 7 (B, +1)
+ ! ]}4- 2b (B +3)[1 ! ] _______1 C,+b 1 b
BT = +bg(m—1)] —
(B, +1) 3L Y (B, +1) by=Tg Ty [t bslm=DI=b
X [Cy(m—1)—~1] (29) b= — -2 {,sz[ 2 L1 ]+ (3+By)}
b, (m+1)  B,+1 3
; 2b (B, +3)
Q =—{ & > %) (B, +m)C,+B,1} (30) 2 2
kfoas L axes 3(Bx+ 1) b7El——3— y+ﬁ By
To eliminate the inconsistency between the computed heat = — [B,+Cy(B,+m)]
transfer rates, Eq. (26) can be taken as an additional bound- B,+1
Table 2 Comparisons of the nondimensional tip temperatures (8/6;) at x=y =1 for the case without
internal heat generation (4, /h, =1, k. /k,=1)
B, B, L/b ES RRMI RRM2 RRM/HB RSM RSM/HB FDM HBIM MFT
0.001 0.1 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990 0.9990
0.005 5 0.9938 0.9938 0.9938 0.9938 0.9938 0.9938 1.1855 0.9938 0.9938
0.01  0.01 1 0.9852 0.9852  0.9852 0.9852 0.9852 0.9852 0.9852 0.9852 0.9852
0.02 2 0.9614 0.9614  0.9614 0.9613 0.9614 0.9614 0.5539 0.9614 0.9614
0.1 10 0.6029 0.5969 0.6036 0.5806 0.6024 0.6027 0.0411 0.6029 0.6030
0.01 0.1 0.9896 0.9896  0.9896 0.9896 0.9896 0.9896 0.9897 0.9896 0.9896
0.05 0.5 0.9412 0.9413  0.9413 0.9412 0.9413 0.9413 1.1007 0.9413 0.9413
0.1 0.1 1 0.8691 0.8690  0.8693 0.8694 0.8692 0.8693 0.8691 0.8693 0.8692
0.2 2 0.7076 0.7058  0.7078 0.7011 0.7075 0.7076 0.4542 0.7077 0.7077
1 10 0.0674 —-0.0097  0.0833 — 09838 0.0413 0.0407 0.0129 0.0674 0.0682
0.1 0.1 0.9051 0.9059  0.9059 0.9059 0.9059 0.9059 0.9050 0.9059 0.9052
0.5 0.5 0.6162 0.6200  0.6213 0.6173 0.6120 0.6211 0.6570 0.6207 0.6166
1 1 1 0.3917 0.3899  0.3968 0.3797 0.3950 0.3952 0.3922 0.3954 0.3925
2 2 0.1636 0.1398  0.1685 0.1142 0.1579 0.1581 0.1433 0.1646 0.1653 ,
10 10 1.67x104 —-0.0827  0.0529 -0.1130 -0.0352 -0.0427 2.20x 1074 1.61 1074 8.27x 10
1 0.1 0.4890 0.4964 0.4966 0.4958 0.4965 0.4965 0.4866 0.4962 0.4898
5 0.5 0.1369 0.1451  0.1491 0.1409 0.1475 0.1475 0.1362 0.1471 0.1410
10 10 1 0.0554 0.0524  0.0631 0.0454 0.0582 0.0580 0.0558 0.0600 0.0635
20 2 0.0126 —0.0042 0.0185 —0.0132 0.0065 0.0059 0.0133 0.0127 0.0288
100 10 1.36x 1077 —0.0133  0.0140 —0.0175 —0.0051 ~0.0069 3.00x10°¢  6.66x10°8 0.0806
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Table 3 Comparisons of the nondimensional total heat transfer rates (Q/k,T,0,) for the case with internal heat generation
(hy/hy, =1, k /k,=1, g/a,0,=5) (Results in A and B are calculated from Eqs. (25) and (24), respectively)

213

RRM\ RRM2 RRM/HB RSM RSM/HB B HBIM MFT
B, B, L/b A B A B A&B A B A&B B A&B A B
0.001 0.1 0.0762  0.0753 11.93 0.0773 0.0753 0.0754  0.0753 0.0753 0.1246  1.00x10%  0.1563 0.0553
0.005 0.5 0.0995 0.0961 2.465  0.0981 0.0962 0.0954  0.0961 0.0961 0.1601 7940 0.1123 0.0761
0.01 0.01 1 0.128 0.122 1.302  0.124 0.122 0.120 0.122 0.122 0.122 979 0.123 0.1017
0.02 2 0.184 0.171 0.754  0.173 0.171 0.168 0.171 0.171 0.101 118 0.175 0.1510
0.1 10 0.453 0.420 0.491  0.420 0.428 0.410 0.419 0.419 0.178 0.964 0.420 0.3993
0.01 0.1 0.778 0.751 12.38 0.771 0.751 0.751 0.751 0.751 1.239 1.00x10%  0.833 0.545
0.05 0.5 0.951 0.917 3215 0936 0.918 0.915 0.917 0.917 1.475 740.1 0.935 0.712
0.1 0.1 1 1.149 1.094 2,203 1111 1.098 1.084 1.093 1.093 1.092 81.94 1.102 0.888
0.2 2 1.421 1.342 1.821 1.354 1.355 1.325 1.341 1.340 0.883 8.653 1.345 1.135
1 10 1.194 1.331 1.091  1.331 1.231 —0.506 1.315 1.332 1.047 1.328 1.327 1.121
0.1 0.1 8.59 7.31 17.43 7.46 7.37 8.53 7.31 7.32 11.78 10880 7.51 4.76
0.5 0.5 6.78 6.45 8.21 6.56 6.51 6.67 6.45 6.45 8.67 39.60 6.58 3.90
1 1 1 5.92 5.76 6.29 5.81 5.82 5.90 5.76 5.77 5.82 5.80 5.84 3.17
2 2 4.81 4.90 4.62 4.86 4.86 5.05 4.94 4.99 4.35 4.69 4.97 2.31
10 10 1.74 3.42 1.56 3.35 1.86 -0.75 2.87 3.48 3.81 3.19 3.17 0.540
1 0.1 77.54 67.19 62.01 64.97 69.61 77.62 67.20 67.28 92.70 69.83 70.44 ~16.13
5 0.5 27.33 26.24 23.69 24.59 26.73 28.27 26.52 26.73 29.29 6.88 27.50 -58.71
10 10 1 17.98 18.66 15.38 17.05 18.31 16.80 18.41 18.55 19.67 17.32 19.48 -66.37
20 2 12.83 15.46 10.81 13.92 13.62 24.70 16.04 16.41 16.67 16.57 16.20 —-68.92
100 10 3.89 20.34 4.44  20.85 4.31 -3.02 12.37 18.34 24.73 14.10 13.39 ~66.02
Table 4 Comparisons of the nondimensional tip temperatures (6/6,) at x=y =1 for the case with
internal heat generation (h,/h, =1, k,/k, =1, g/a,6,=5)
B, B, L/b RRM1 RRM2 RRM/HB RSM RSM/HB FDM HBIM MFT
0.001 0.1 3.488 3.587 3.488 3.488 3.488 3.496 —4.99%10° 3.495
0.005 0. 3.471 3.569 3.471 3.471 3.471 4.143 - 1975 3.473
0.01 0.01 1 3.443 3.540 3.444 3.442 3.442 3.443 —485 3.443
0.02 2 3.367 3.460 3.372 3.365 3.365 1.939 —-115 3.365
0.1 10 2.251 2.280 2.303 2.234 2.234 0.152 —0.953 2.234
0.01 0.1 3.384 3.477 3.384 3.384 3.384 3.456 — 4896 3.449
0.05 0.5 3.224 3.314 3.227 3.223 3.223 3.795 —-176 3.248
0.1 0.1 1 2.992 3.075 3.002 2.989 2.989 2.999 —36.8 2.998
0.2 2 2.483 2.544 2.509 2.475 2.475 1.591 —5.07 2.478
1 10 0.354 0.294 0.304 0.371 0.370 0.076 0.412 0.413
0.1 0.1 2.585 2.639 2.605 2.585 2.586 3.105 — 406 3.044
0.5 0.5 1.791 1.832 1.809 1.789 1.790 2.049 —4.600 1.919
1 1 1 1.176 1.195 1.188 1.175 1.176 1.219 1.184 1.213
2 2 0.536 0.519 0.529 0.553 0.557 0.494 0.884 0.564
10 10 —0.0658 —-0.1066 —0.0941 -0.0231 ~0.0298 0.0145 0.0475 0.0316
1 0.1 0.753 0.728 0.781 0.753 0.754 1.507 0.783 1.321
5 0.5 0.225 0.206 0.230 0.229 0.230 0.302 1.530 0.289
10 10 1 0.0899 0.0713 0.0874 0.0885 0.0893 0.1175 0.4871 0.1190
20 2 0.0086 —0.0093 0.0014 0.0175 0.0169 0.0341 0.1307 0.0467
100 10 —0.0130 —-0.0071 -0.0173 —-0.0050 —0.0067 0.0013 0.0050 0.0814

The unknown m can then be determined by the Bolzano
method!? (or the method of halving the interval) and the
total heat transfer rate can be evaluated by either Eq. (29) or
(30).

Numerical Results

All of the techniques discussed previously are employed in
the numerical computations for the two-dimensional heat
transfer problem. In addition, the FDM, and MFT, and the
HBIM are also included for comparison. All of these
methods are suitable for the cases with and without internal
heat generation. Formulations for the HBIM and the MFT
are listed in Appendices C and D, respectively. The non-
dimensionalized domain (0<x=<1 and 0<y<1) of one-half
of the region is divided into 36 equally spaced modes for the
FDM.

Three different trial functions are employed for the RRM:
a second-order polynomial function as shown in Eq. (Al)
(RRM1); a third-order polynomial function listed in Eq.
(A3) (RRM2); and the third-order polynomial function with
an additional heat-balance boundary condition expressed in

general form in Eq. (26) (RRM/HB). Two approaches are
adopted to apply the RSM: one without the additional heat-
balance condition as described in Egs. (29) and (30) (RSM),
and one with the additional condition as shown in Eq. (31)
(RSM/HB). Results calculated from approximate techniques
for cases without internal heat generation are compared with
the exact solution (ES) in Table 1.

Table 2 summarizes the comparisons of tip temperatures
at x=1 and y=1 predicted from these technigues under the
same conditions. The results obtained from all methods
agree reasonably well with each other with one exception,
namely those calculated from the finite-difference methods
for some cases. Discrepancies of tip temperature occur for
some cases when the temperatures become small. Since this is
the temperature at one point only, it can happen as either the
results of roundoff error or poor fittings of the trial func-
tions at that point.

The method of Fourier transform (MFT) predicts
reasonable heat transfer rates by utilizing Eq. (25) for the
computations. The data presented were calculated to con-
verge by taking 250 terms in x and 250 terms in y. Also, the
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Table 5 Comparisons of the nondimensional total heat transfer rates (Q/k, T, 8,) with variations of the directional convective heat transfer coefficents
for the case without internal heat generation (L/b=1, ky/ky, =1) (Results in A and B are calculated from Eqs. (25) and (24), respectively)

ES

RRM1 RRM2 RRM/HB RSM RSM/HB FDM  HBIM MFT
B, B, h/h, A&B A B A B A&B A B A&B B A&B A B
0.001 0.1 0.02192 0.02190 0.02192 0.02192 0.02192 0.02192 0.02191 0.02192 0.02192 0.02192 0.02192 0.02190 0.01991
0.005 0.05 0.02982 0.02979 0.02982 0.02982 0.02982 0.02982 0.02983 0.02982 0.02982 0.02982 0.02982 0.02979 0.01979
0.01 0.01 1 0.03961 0.03957 0.03961 0.03960 0.03961 0.03961 0.03962 0.03961 0.03961 0.03961 0.03961 0.03956 0.01954
002 2 0.05889 0.05883 0.05890 0.05889 0.05889 0.05889 0.05892 0.05889 0.05889 0.05889 0.05889 0.05883 0.01876
0.1 10 0.2006 0.2004 0.2006 0.2006 0.2006  0.2006  0.2007 0.2006  0.2006 0.2006 0.2006 0.2003 ~4.42x 1073
0.001 0.1 0.2124 0.2109 0.2124 0.2122 02124 0.2124  0.2128 0.2124 0.2124 0.2124 0.2124 0.2122 0.1917
0.05 0.5 0.2834 0.2810 0.2834 0.2832 0.2834  0.2833  0.2842 0.2834  0.2834  0.2834 0.2834  0.2831 0.1800
0.1 0.1 1 0.3651  0.3617  0.3650 0.3649 0.3651  0.3648  0.3664 0.3651 0.3651 0.3651 0.3651 0.3646 0.1584
0.2 2 0.5086  0.5035 0.5084 0.5083 0.5086 0.5080  0.5108 0.5086 0.5086 0.5085 0.5086 0.5079 0.0953
1 10 1.148 1.136 1.146 1.148 1.148 1.144 1.156 1.148 1.148 1.148 1.148 1.145 -0.917
0.1 0.1 1.731 1.638 1.744 1.713 1.745 1.722 1.759 1.745 1.746 1.734 1.741 1.729 1.464
0.5 0.5 2.093 1.966  2.098  2.076  2.105 2.062 2153 2.104 2.106 2.096 2100  2.089 0.760
I I 1 2362 2214 235 2347 2374 2.311 2.453 2.370 2.372 2366 2.369  2.357 —-0.302
2 2 2652  2.484 2626  2.637  2.663 2.574 2.781 2.651 2.655 2.657  2.657 2.644 -2.673
10 10 3.113 2932 3.018  3.101 3.124 2.979 3.302  3.077 3.083 3120 3.116  3.077 -23.3
1 0.1 12.48 10.61 13.22 11.98 13.38 12.01 13.40 13.32 13.32 12.54 12.91 12.54 3.82
5 0.5 13.53 11.56 13.64 13.07 14.31 12.57 15.08 14.02 14.05 13.63 13.86 13.46 ~29.6
10 10 1 13.82 11.88 13.65 13.38 14.58 12.70 15.48 14.14 14.18 13.93 14.13 13.70 -72.1
20 2 14.00 12.10 13.62 13.57 14.75 12.78 15.67 14.19 14.23 14.11 14.30 13.77 - 157
100 10 14.17 12.31 13.56 13.75 14.91 12.84 15.80 14.22 14.26 14.28 14.45 13.06 —783
Table 6 Comparisons of the nondimensional total heat transfer rates (Q/k, T,6,) with variations of the directional thermal conduct.ivities
for the case without internal heat generation (#,/k, =1, L/b=1) (Results in 4 and B are calculated frrm Egs. (25) and (24), respectively.)
ES RRMI RRM2 RRM/HB RSM RSM/HB FDM  HBIM MFT
B, B, k./k, A&B A B A B A&B A B A&B B A&B A B
0.1 0.1 0.3595 0.3561 0.3594 0.3593 0.3595  0.3592 03608 0.3595 0.3595 0.1708 0.3595 0.3591 0.1588
0.02 0.5 0.07831 0.07817 0.07831 0.07831 0.07831 0.07831 0.07837 0.07831 0.07831 0.06162 0.07831 0.07823 0.03818
0.01 0.01 1 0.03961 0.03957 0.03961 0.03960 0.03961 0.03961 0.03962 0.03961 0.03961 0.03961 0.03961 0.03956 0.01954
0.005 2 0.01992 0.01991 0.01992 0.01992 0.01992 0.01992 0.01992 0.01992 0.01992 0.02473 0.01992 0.01990 0.00988
0.001 10  0.00400 0.00400 0.00400 0.00400 0.00400 0.00400 0.00400 0.00400 0.00400 0.00690 0.00400 0.00400 0.00200
1 0.1 2.038 1.885 2.020  2.024  2.039 1.974 2.141 2.034 2.038 1.404  2.038  2.033 -0.0274
0.2 0.5 0.6644 0.6526 0.6641 0.6637 0.6645  0.6628  0.6696 0.6644 0.6645 0.5476 0.6644  0.6636 0.2511
0.1 0.1 1 0.3651 0.3617 0.3650 0.3649 0.3651  0.3648  0.3664 0.3651 0.3651 0.3651 0.3651 0.3646 0.1584
005 2 0.1923  0.1914 0.1923 0.1922 0.1923  0.1923  0.1926 0.1923  0.1923  0.2356  0.1923  0.1921 0.0889
0.01 10  0.0402 0.0402 0.0402 0.0402 0.0402  0.0402  0.0402 0.0402 0.0402  0.0691  0.0402  0.0402 0.0195
10 0.1 731 5.34 6.65 6.82 7.54 5.77 10.48 7.03 7.27 7.33 7.34 7.26 -19.1
2 0.5 3.39 3.03 3.34 3.35 3.42 3.21 3.69 3.39 3.4 3.21 3.40 3.38 -1.93
i 1 1 2362 2214 2356 2347 2.374 2.311 2453 2.370 2.372 2366  2.369  2.357 —0.302
0.5 2 1.535 1.480 1.537 1.528 1.541 1.525 1.559 1.540 1.541 1.747 1.539 1.533 0.202
0.1 10 0.420 0416  0.421 0.418  0.421 0.421 0.420  0.421 0.421 0.697  0.421 0.420 0.154
100 0.1 40.2 23.1 38.3 33.2 41.7 25.7 104.3 403 43.2 45.2 41.6 39.0 -757
29 0.5 185 14.7 17.9 17.5 20.0 15.9 22.6 18.9 19.0 18.8 19.0 18.2 -152
10 10 1 13.82 11.88 13.65 13.38 14.58 12.70 15.48 14.14 14.18 13.93 14.13 13.70 -72.1
5 2 10.67 9.67 10.70 10.43 11.04 10.23 11.31 10.90 10.91 11.02 10.83 10.60 -32.4
1 10 5.42 5.23 5.48 5.34 5.49 5.41 5.41 5.49 5.49 7.10 5.46 5.41 —3.24

heat transfer rates calculated by Eq. (24) for the MFT do not
yield satisfactory results. Apparently, the temperature gra-
dients along the edge y =1 in the x direction do not converge
to the true values even though the tip temperatures agree
reasonably well with those predicted by different techniques.
These discrepancies indicate clearly the disadvantages of the
MFT in heat transfer applications.

Imposing the heat balance boundary condition for both
the conventional Rayleigh-Ritz method and the revised
Rayleigh method (RSM) not only eliminates the inconsisten-
cy between results predicted from Egs. (24) and (25), but
also improves the accuracy of heat transfer rates as they are
computed from Eq. (25). However, it does not improve the
accuracy in the computation of tip temperature for most
cases and, in general, its results in heat transfer rate are also
less accurate than those obtained from Eq. (24) using the
same method but excluding this condition of heat balance. In
general, the RSM yields the best results if the heat transfer
rate is calculated from Eq. (24). However, the differences be-
tween results predicted from various techniques are not very

significant, in general, if no internal heat is generated in the
region.

Comparisons of the results for the cases of uniform direc-
tional conductivities and heat transfer coefficients with inter-
nal heat generation are presented in Table 3. Table 4
summarizes the tip temperature calculated from various ap-
proximate techniques for these cases. The nondimensional
heat generation parameter (g/6,a,) is selected to be S for all
cases. All results predicted except those calculated from the
HBIM agree reasonably well with one another. In all cases,
the HBIM is incapable of predicting reasonable results, and
hence, the technique becomes unreliable for the case with in-
ternal heat generation. Again, the total heat transfer rates
predicted by the MFT are unsatisfactory by employing Eq.
(24) instead of Eq. (25). Hence, limitations of the MFT do
exist in heat transfer applications, and caution should be ex-
ercised in applying this technique to engineering design.

Comparisons of heat transfer rates predicted by different
techniques for the cases with variations of the ratios of the
directional convective heat transfer coefficients and direc-
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tional thermal conductivity ratios are presented in Tables 5
and 6, respectively. Again, reasonably good agreements are
observed among different techniques except those calculated
by Eq. (24) in the MFT. Since these cases do not include in-
ternal heat generation, the problems of the HBIM do not ex-
ist in these results.

Conclusions

Various approximate solutions of a two-dimensional
steady conduction problem with convective boundary condi-
tions have been successfully applied, and results obtained
agree fairly well among the various approximate techniques.
In addition, the exact solution for the case without internal
heat generation has been derived successfully, and results ob-
tained from it agree fairly well with those obtained from ex-
isting approximate techniques. It has been proven from the
results presented previously that the existing HBIM becomes
unreliable for the case with internal heat generation, and the
MFT has very serious limitations for the calculations of heat
transfer rates in both the cases with and without internal
heat generation.

The Rayleigh-Ritz method is a very viable approximate
technique to solve two-dimensional heat transfer problems.
For many cases in steady conduction without internal heat
generation, results obtained by it have better accuracy than
those calculated from the (fintite-difference method.
Therefore, it is reasonable to expect that it has the same
trend for the cases with internal heat generation. This
speculation can be verified by comparing results with those
predicted by the MFT. The general agreement between
results obtained from both techniques for cases with and
without internal heat generation is a good indication that
they are reliable to predict results for the case with internal
heat generation. However, it has been shown from the
results that the RSM can also be a powerful technique in
solving heat transfer problems. In most cases, it yields even
better resuts than those from the RRM and FDM. Hence, it
can be used with confidence for the two-dimensional heat
transfer problem with internal heat generation.

The problem of the inconsistency in estimating heat
transfer rates by integrating across different boundaries of
the region in both RRM and the RSM can be eliminated by
imposing the heat balance condition as an additional bound-
ary condition for the trial functions. The loss in accuracy has
been demonstrated to be very insignificant. Therefore, it is
also reasonable to incorporate this scheme into both techni-
ques in solving a heat tranfer problem.

Appendix A: Heat Transfer Rates and
Temperature Distributions of the Conventional RRM

The total heat transfer rates evaluated from Egs. (24) and
(25) using the nth-order polynomial are

Q Aly(k d [1 _(k+BX)]
kTh, b (ki)i”,gzc" k+1 2B, 1) }
(k+BX):|
(B, +1)

2b <
T (27+3)k§ck [k— (A1)
o _2 { (B, +3)

_ - g
TH, L 3@, +1) [B” ,(21 ‘B”k’ck] * axos} (A2)

Case A: n=2
The temperature distribution is

9 B
(1 4y—ny? {1————__"
5~ =) B, +1) "

e ()]

TWO-DIMENSIONAL STEADY-STATE TRANSFER 215

where

C,=F;/F,
1 1 a 1
Fi=3a <I§ + 71 + af) + Cyayat + aa; <§ + af)

1 a 4 )
Fy=a,{ —+———) + C,a;a] +a,a;a,(a, — 1)

12 4 3
a, {1
-5
a;=1/(B,+1); a,=C, + (a,B%/3)

2 2 g B
st B B am g (1)

Case B: n=3
The temperature distribution is

6 _ _ z{__Bix__ [_(ﬁi)]
AR Sy s L s o
B.+3
I_ . x T
+C3[x (Bx+1>x:l} (A4

The coefficients C, and C; are zeros of the following
simultaneous equations:

F, F, G { F, }
= (A5)
e bin
where

F,=a,[1/20+ (3/10)a; + (2/3)a?] + a,a; [(1/2) + 242 ]

+2C,a;a}

F, = (4a,/3) [(2/35)+ (2/5)a, + a}] +da,a;[(1/5)+a}]

+4C,ayd%
Fs=(a,/2)[(1/30) + (14/15)a, + (4/3)a}} + 2a,a5a,(a, — 1)

+2C.a;a% —a,[(1/4) +a,]
The quantities a,, a,, a;, a4, F,, and F; are the same quan-
tities as those defined in Case A.

Appendix B: Temperature Distribution and
Heat Transfer Rate of the RRM
with the Heat Balance Constraint
The temperature distribution is assumed as

=(1+y=y) [l - x+ex? +C3(x* +e3x2 —e4x)]

2|

(B1)
where
e =a,(e;—+e,+1; e,=b,/b,
e;=—[p*v(Y2+2a))+B,+31/b,

e,=e;(1+a))+1+2a,
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Other symbols used are consistent with those defined in Ap-
pendix A. The coefficient C; is determined as follows:

C;=F,/F; (B2)

where

Fo=a,[1/7+(1/5)e} + (1/3)el — (2/5)e,

—(1/2)ese, +(1/3)e; ] +a,a, [(9/5)
+(4/3)e3 + €2+ 3e, — 2ese, —2e,]
+Cpas (1 + €} +e} —2e,—2ese,+2e;)

Fr=a,[ - 1/4+(1/5)e; — (1/6)e, — (1/3)es +(1/2)e,
+(1/4)e 5~ (1/3)e,e, — (1/5)e,e5 + (1/4)ese, ]
Fa,a;le; +ee;—ee,—(3/2)e; — (4/3)ese; + eye,]
+C.a3(— 1 te —e—e;t+e,t+ee;—ee,
—eyes+ee)+a [1/44+(1/3)ey — (1/2)e,]

The total heat transfer rate is

0 Zb[ B,
—kxT,ﬂS =T (1+T> (e, +Csey) +

X

Appendix C: Temperature Distributions
and Heat Transfer for the Case
of Uniform Heat Generation Using the HBIM

The nondimensional temperature profile is assumed to be
=100(x) A +v~vy?) (C1)

where 6, is the unknown edge temperature at y = 1. Integrat-
ing Eq. (20) with respect to y from y = 0to y = 1, one obtains
the following second-order differential equation in 6, for
uniform heat generation:

B\ d%6 C g
1+—1) 0 ¥ g +=-=0 C2
( 3/ a2 e, ° a €2

The solution of Eq. (C2) that satisfies the boundary condi-
tions is

% =A sinhax+ (1-8) coshax+ 3 (C3)
S
where
_,/ ¢, | __&
*“N%, (3+B,)" b= 6,C,
: 1
A=

(« cosha+ B, sinha)
x [ (B—1)(B, cosha + « sinha) — 5] (C4)

The total heat transfer rate evaluted from Eq. (24) becomes

Q .
%L T, =3 (3+B,)a[(8-1) sinha+A4 cosha]
+% tA cosha+ (1 —B) sinha—A + aff] (C5)
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If Eq. (C1) is substituted into Eq. (25), the total heat
transfer rate can be determined as follows:

o . Zb[ g A« ]
=— -— (3+B
k.16, LLl6a, 3 ¢ 2 €6
Appendix D: Temperaturé Distribution and Heat
Transfer for the Case of Uniform
Heat Generation Using the MFT
The governing equation, Eq. (20), and boundary condi-

tion, Egs. (2-5), can be transfered into the following forms
for constant a, and a,:

2 (6 2) e (o2 eenm0
e a, I +ay a, % +g—-c¢,0,=0 D)
¢lio=0 (D2)
0
2| =-Bol-BAO) ®3)
X x=1
__62_ =0 (D4)
ay y=0
dp
TN yzl_—Bydny:l (D3)

where ¢ (x,)=0(x,y) —0,(¥) =0(x.y) — (1+y—yp))b;. All
notations used are consistent with those defined previously.
Since Eq. (D2) is a Dirichlet-type boundary condition and
Eq. (D4) is a Neumann-type boundary condition, Eq. (D1)
can be transformed into an equation of the Fourier integral
as follows by multiplying both sides by sinux cosyy and in-
tegrating the equation through the entire domain 0=<x=<1,
0=<y=1) with respect to x and y:

: 1 siny g
F(u, =——-—————[ 1— cos, (———c)
(p>v) Pa e, U ( ©) PR
_¢, Sop <siriu—By % v B, ——5"2”)] (D6)
14 14 14
where

1 ¢t )

Flum == [ #06») sinwx cosny dx ay ®7)
5

and p and » are the roots of the following relations:
ucosp+B, sinu=0 (D8)
v sinv— B, cosy=0 (D9)

Since the value of v cannot be zero for nonzero Biot
numbers, B,, the function ¢(x,y) can be expanded into
Fourier series as follows:

$(6,y) =0, 35 Y Cppy Sinpr,, X COSP,Y (D10)
m=1 n=1

where C,,, are constant coefficients and p,, and v, are the
mth and the nth roots of Eqgs. (D8) and (D9), respectively.
Since the negated values of u,, and », are also the roots of
the corresponding equations, Eq. (D10) can be restricted to
the case of positive p,, and », by redefining the undeter-
mined coefficients C,, as the difference between the coeffi-
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cients of the terms with positive roots and the corresponding
terms with negative roots. Utilizing Egs. (D8) and (D9), one
can show that the functions sinu,x and cosv,y are or-
thogonal functions. In addition, the undetermined coeffi-
cients can be evaluated as follows:

4F (,v,)B,B,

C -
(B, + cos’u,,) (B, + sin’y,)

mn

(D11)

Hence, the solution of Eq. (20) that satisfies the given
boundary conditions can be determined as follows:

0 0
(xy)—(l+7 ~yyH)+

s m

C,. Sinp,x cosy,y  (D12)

[\18
s

ne

where p,, and v, are positive roots of Egs. (D8) and (D9),
respectively. The total heat transfer rate can be determined
by substituting Eq. (D12) into Eqgs. (25) and (24) to arrive at
the following corresponding expressions:

Q _2b(g o o
T/k6, L \a¥ - L L Cm

’:—”’ sinv,,) (D13)

xvs xVs m=1 n=1

Q _ 2Lk,

Tek, 0, bk,
X [By+ E E In C,,, sinv, (1— cosu,,,)]
m=1 n=1 HKm

2 o0 (e -]

"BV Y B sing, cosun (D14)
L m=1 n=1 Vn

Since Eq. (D9) is not the exact solution of the governing
equation, the heat transfer evaluated from these equations
will not be consistent. The tip temperature at x=1 and y=1
can be determined' by Eq. (D11) as follows:

on SINfL,, COSY, (D15)

i MQ
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